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ABSTRACT: Comb-shaped branched polystyrenes were prepared by anionic polymerization and fractionated. 
The ratio gs of the mean square unperturbed radius of gyration (Sz)o of branched polystyrene to that of linear poly- 
styrene with the same molecular weight was determined by light scattering. as well as the similar ratio of limiting 
viscosity numbers at the 8 temperature g,. The relation between g, and g, was found to be in agreement with 
the theory of Flory but in disagreement with the theory of Zimn and Kilb. The dependence of g, and g,  on the 
branch density was also compared with the statistical calculations of Stockmayer, Zirnm, Kurata. and Berry. 
Qualitatively, the agreement between calculated and experimental results is good, but quantitatively the agreement 
is not satisfactory. 

he hydrodynamic properties of linear polymers T such as  viscosity, sedimentation, and diffusion 
are approximately determined by the radius of gyration 
of the polymer coil. That is, if the polymer chains act 
as  nondraining coils, the limiting viscosity number at  
the 8 temperature [?IO is related t o  the unperturbed 
radius of gyration (S2)o’ . and the molecular weight 
Mby1,2 

( ~ 2 ) ~ ~  
[SI0 = @o ~ M 

where @O is a constant. In the theoretical evaluation 
of a0, which was carried out by Kirkwood and Rise- 
man, la Zimm, Hearst, and Fixman,j the limiting 
viscosity number is calculated from the energy dissipa- 
tion of the polymer coil a t  the limit of infinite hydro- 
dynamic interaction among segments by applying the 
equation of Oseen to  the hydrodynamic interaction. 
Relationship 1 is well supported by experiments. 

Thus, eq 1 is believed to  be applicable t o  branched 
polymers if the branched chains also act as nondraining 
coils. That is, the ratio of the limiting viscosity num- 
ber of a branched molecule to  that of a corresponding 
linear molecule with the same molecular weight a t  their 
unperturbed states is given by 

where b and I denote the branched and linear polymers, 
respectively. If we define g ,  and g, by 

g ,  eEz ( S 2 j O b / ( S 2 ) 0 1  (3) 

g ,  = ~ 1 1 0 1 ~ : [ 1 1 0 1  (4) 

eq 2 may be expressed as6 

In  distinct contrast to  the behavior of linear polymers, 
however, if we employ the method of Kirkwood and 
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Riseman2” and Zimm to calculate the hydrodynamic 
properties of branched polymers, we reach a conclusion 
quite different from eq 5. For example, the theory of 
Zimm and Kilb7 for the limiting viscosity number of 
star-shaped polymers a t  the nondraining limit is 
usually expressed by 

g ,  = g,’ (6) 

In other words, @a for star-shaped polymers is not 
constant but a function of branching, i.e., @ o l ~ / @ o ~  = 
l/g, for star-shaped polymers. Thus, study of the 
hydrodynamic properties of branched polymers is 
important from two standpoints. One is t o  establish a 
method to  calculate the number and length of branches 
in unknown samples. This is a currently active topic 
in polymer characterization. The other matter of 
interest is to  study the hydrodynamic interaction 
among segments by comparing the frictional coefficients 
of linear polymers and branched polymers. The seg- 
ment density inside a polymer coil can be markedly 
affected by branching. 8 

A few experimental studiesg on star-shaped polymers 
so far published implied that the theory of Zimm and 
Kilb (eq 6) agrees with experimental results and, con- 
sequently, the degree of branching of unknown samples 
is often evaluated by applying the theory of Zimm 
and Kilb to the limiting viscosity number. However, 
the branch numbers of the samples used in previous 
studies were usually about 3 or 4, and hence g.’I9 was 
not far from unity. In  view of the error involved in  
the determination of (S2)o, the conclusion cannot be 
considered to  be definite. In fact, it wus concluded 
in ref 96 that eq 6 did not correlate data on comb-shaped 
polystyrene, and there is a report that the limiting vis- 
cosity number and the radius of gyration of fractionated 
branched polystyrenes d o  not agree with eq 6 but rather 
support eq 5. lo  

In this work, therefore, we use comb-shaped poly- 
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Bueche, J .  P o l ~ m .  Sci., 57, 471 (1962); (b) G. C. Berry, paper 
presented at IUPAC International Symposium on Macromolec- 
ular Chemistry, Tokyo-[<yoto, 1966; Preprints of Scientific 
Papers, 6, 144 (1966). 

(IO) T. Hama and I<. Yamaguchi, Preprints of the Meeting 
of Polymer Science of Japan, Kyoto, Japan, 1969. 
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Figure 1.  Fractionation scheme. The orginal sample u is 
fractionated by procedure a and each fraction ~3 is further 
fractionated by the procedures appropriate to the molecular 
weight and the amount of each fraction: (b) for series F:  (c) 
for series H, (d) for series I and J. 

styrenes which were prepared by an  anionic polymeri- 
zation method. Thus we can vary the degree of 
branching over a much wider range than with star 
molecules. Since the branch length in these samples is 
long compared with the backbone length, however, 
these samples may be considered as stars rather than as 
combs. There is no practical difference between g, 
calculated for these combs and for stars with the same 
number of branches. The radii of the samples in t3 
solvents are determined by light scattering and com- 
pared with limiting viscosity numbers in the same sol- 
vents and also with theory. The 8 temperature is 
found to be only slightly affected by branching. 

Experimental Section 
Samples. The comb-shaped polystyrenes used here were 

prepared by anionic polymerization. The preparation, 
fractionation, and characterization methods of these samples 
were precisely described in a previous paper." There is 
no great distribution in the molecular weights of backbone 
and branches, but there is a distribution in the number of 
branches per molecule. All samples were first divided 
stepwise into 13 fractions from toluene-methanol. These 
fractions were used for stress-relaxation measurements. 
In the present work, the above fractions were further frac- 
tionated from benzene-THF-methanol by a method con- 
sidered appropriate for the amount and molecular weight 
of each fraction. The fractionation procedures employed 
are shown in Figure 1. The fractions thus obtained were 
further purified by passing chloroform solutions of the 

I--_Ld -k: ̂1* 2, AL j15 4, ~ C Q  _. 
s \ e / z  

Figure 2. Examples of plots of (KC/Re)c=o LS. sin2 (Oj2): 
samples, upper H-4' and lower 5-2',  solvent, cyclohexane; 
temperature, 3 3  '. 

c c  I - C T  

Figure 3. Examples of (KC/&)o=o L J .  C plots at vdrlous 
temperatures: sample. H-6'; temperatures, 37, 3 5 ,  3 3 ,  30, 
and 28" from top to bottom. 

samples through a Sephadex column to remove any traces 
of impurity which might remain. The samples were then 
freeze-dried from benzene solution and stored. The num- 
ber-average molecular weights M ,  were determined by a 
high-speed membrane osmometer (Model 502, Hewlett 
Packard Co.). 

Solvents. First-grade cyclohexane (Nagoya Katayama 
Chemical Co.) was passed through a silica gel column to 
remove aromatic impurities and fractionally distilled in the 
presence of metallic sodium. No impurity was detected 
by gas chromatography or by uv absorption.12 

Light-Scattering Measurements. The measurement of 
light scattering was carried out in cyclohexane over a tem- 
perature range from 28 to 39" by using a modified Shimadzu 
light-scattering photometer with unpolarized 436-mp light. 
Scattering data were obtained for at least five polymer con- 
centrations at scattering angles from 18 to 140". The solu- 
tion was clarified by filtration through 0.45-,u Millipore 
filters. The data were analyzed according to the equation 

KC!Re = l iMP(0)  f 2A.C + . . . (7) 

G (4irno/ho)'(Nb2i6) sin2 (812) 

I ' I  

i-, oc 

Figure 4. 
ture, sample, H-6'. 

An example of the determination of the tempera- 

(11) T. Fujimoto, H .  NarukaMa, and M .  Nagasawa, Macro- 
r n o k c u h ,  3,57 (1970). 

(12) T. Kato, I<. Miyaso, and  M. Nagasawa, J .  Ph1,s. Chem., 
72,2161 (1968). 
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r. o c  

Figure 5. 
radius ofgyration, sample, H-6'. 

An exainple of the temperature dependence of 

At the limit of zero I?, ey 8 reduces to 

where Re is the Rayleigh ratio, P(6') is the particle scattering 
factor for comb-shaped polymers,13 A? is the second virial 
coefficient, K is an optical constant, .f is the number of 
branches, A is the fraction of the molecule in the backbone 
chain, Xo is the wavelength, /io is the refractive index, N 
is the number of segments per molecule, and 6 is the segment 
length. The data were first extrapolated to zero polymer 
concentration at each scattering angle to obtain ( K C / R ~ ) C = ~ .  
Then ( K C , ' R Q ) ~ = - ~  was plotted against sin2 (8/2) to obtain 
(S2) , ,  as shown in Figure 2. (KC/R&=o was also plotted 
against C to obtain A2 at  various temperatures as shown in 
Figure 3. The plots of Az cs. temperature are shown in 
Figure 4, from which the 8 temperatures can be determined 
as the values at AP .= 0. The plots of (SZ)o cs. temperature 
are shown in Figure 5 ,  from which the unperturbed dimen- 
sion can be estimated as the value at the 0 temperature. 

Limiting Viscosity Number. The limiting viscosity 
numbers of the samples were determined in cyclohexane at 
the respective 8 temperatures. The measurements were 
carried out by using two Ubbelohde viscometers with flow 
times of 315 and 325 sec at 33" and having negligibly small 
kinetic energy corrections. The viscosity data were extrap- 
olated to infinite dilution by using the following equations, 
as shown in Figure 6. are the specific Here, v.,, and 

i 1  LLYr?-?T& - "  
' q  c , -  

Figure 6. An example of the determination of limiting 
viscosity number, sample, 1-7'. The lines denote plots of 
v ~ ~ / C  L'S.  C ,  In T ~ ~ I / C  cs. C and q.,/C cs. T.~, from top to 
bottom. 

(13) E. F. Casassa and G. C .  Berry, J .  Po!i.m. Sci. ,  Part A-2, 
4, 881 (1966) ;  E. F. Casiissa and Y .  Trrgami, ibid., Port A-2, 6, 
63 (1968). 

viscosity and the relative viscosity and k ' ,  k", i"' are 
constants. 

Results 
The weight average molecular weight M,,, the mean 

square unperturbed radius (S2)o, and the limiting vis- 
cosity number at the 0 temperature, as well as the 0 
temperature of the comb-shaped polystyrenes deter- 
mined, are listed in Tables I, 11, and 111. The ratios of 
the weight average molecular weight t o  the number 

TABLE I 
CHARACTERISTICS OF THE SAMPLES 

TABLE I1 
THE UNPERTURBED DIMENSION, THE RATIOS g. A N D  

THE RATIO OF THE LENGTH OF A SEGMENT IN THE 
BACKBONE TO THAT IN LINEAR POLYhlERS a 

H-4' 1 .  I4 
H-5' I . 0 j  
H-6' 0 .85 

1-4' 1 .  Ig 
1-7' 1 . 0 j  
1-9' 0.79 

5-2' 1.47 
J-5' 0.99 

0 425 0 12 0 1 1  3 3  
0 441 0 13 0 1 2  3 1  

0 375 0 I2 0 1 0  3 7  

0 459 0 16 0 1 6  2 6  

0 427 0 I6 0 1 6  2 9  
0 563 0 26 0 2 8  2 4  

0 568 0 26 0 3 0  2 7  
0 740 0 42 0 5 6  2 2  

TABLE I11 
VISCOSITY DATA 

Sample @.Oh X 
no. [TI0 g, k'  1021 

F-5 ' 0.353 0.384 0.343 
F-11' 0.312 0.427 0.304 

H-4' 0.469 0.297 0.631 2.93 
H-5' 0.444 0.306 0.330 2.84 
H-6' 0.456 0.348 0.298 3.03 

1-4' 0.521 0.305 0.687 2.89 
1-7' 0.509 0.337 0.648 3.30 
1-9 ' 0.508 0.446 0.283 2.87 

J-2' 0.760 0.685 0.575 2.80 
J-5' 0 770 0.497 0.556 3. I7 
5-8 ' 0.660 0.803 0.606 
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Figure 7. Relation (A) between g, and degree of branchingf 
and (B) between g, and$ Samples: -0, series F; 6, series 
H; 0-, series J ;  9, series I. The solid lines denote the values 
of (g&,,h calculated from eq 13 and those in B denote the 
values of (g,)camh calculated from eq 15, assuming g, = g13;  

= 1.32 (series H); y = 1.80 (series 
I); y = 3.67 ( series J) from curve 1 to curve 4. 

= 0.685 (series F); 

average molecular weight M ,  of samples F-5' and F-11 ' 
are found to  be nearly unity. The molecular weight 
distributions of the other fractions may be assumed not 
to be too broad for the present experiments. Sedimen- 
tation patterns of some fractions were given in a pre- 
vious paper." The z-average square radius of gyration 
determined by light scattering is also assumed to  be 
equal to  the weight-average square radius of gyration, 
since the difference between z-average and weight aver- 
age quantities is usually smaller than the difference 
between weight average and number average quantities. 

The number of branches per molecule ./' may be cal- 
culated from 

f '  ( M w  - M n O ) / M n b  

where Mno and Mnb are the number average molecular 
weights of the backbone and a branch determined 

1 - 1  82  
/,-' 

C C 02 0 3  C 4  0 5  0 6  
-Lot vi 

Figure 8. The broken line 1 
denotes eq 5 ,  while broken line 2 denotes eq 6. Symbols for 
the samples are the same as In Figure 7. 0 and 0- denote the 
data of Berry for comb-shaped polystyrenes (A. 53: 2) and 
(A, 68:4), respectively. (3 denotes the data of Berry for a 
star-shaped polystyrenes (A, 48 : 2).9tJ 

Logarithmlc plot of g, us. g.. 

separately. To  calculate gs and g,, (S2)01 and [& of 
linear polystyrenes may be calculated from the follow- 
ing equations of Berry for linear polystyrenes in cyclo- 
hexane at  35". Both equations were confirmed by our 

(10) 

(1 1) 

own experiments with NBS standard polystyrenes and 
other monodisperse polystyrenes. 

In Figure 7A, the experimental values of g, are 
plotted against the number of branches f. It  is ob- 
served that g, decreases with increasing f and is insensi- 
tive to  the branch length. In Figure 7B, the experi- 
mental values of g, are also plotted against .f, and simi- 
lar features are observed in this figure. Plots of log 
g, cs. log g, are shown in Figure 8, together with data 
from the literature, to be compared with the theory of 
Flory' and also with the theory of Zimm and Kilb7 
assuming that the samples are practically star shaped. 
It is clear that the theory of Flory (eq 5) shows satis- 
factory agreement with experiment, whereas the theory 
of Zimm and Kilb (eq 6) does not. The values of the 
Flory coeficient for branched polymers sol, determined 
from eq 1 are listed in Table 111. We can see that sol, 
(obsd) is almost constant independent of branch num- 
ber and branch length. The average value of 
(obsd) is 2.9 x 1022 which is close to  the value accepted 
for linear polymers. 

Discussion 

The mean square radii of gyration of branched 
polymers and ring molecules relative to  those of corre- 
sponding linear polymers of the same molecular weights, 
g,, were first theoretically calculated by Zimm and 
Stockmayer'4 for random-flight chains with no  excluded 
volume effect between segments. For  star-shaped 
polymers having ,f' branches per molecule, g, is given 

(S2)01 = 7.6 X 10-'*M 

[7]ol = 8.4 X 10-4MM'"' 

by8,14 

g, = (3f '  - 2 ) y  (12) 

A similar calculation for comb-shaped polymers was 
carried out by Casassa and Berry. 1 3 ,  Their result is 

where y is the ratio of the molecular weight of a branch 
to  that of the backbone. I t  is assumed in eq 13 that the 
molecular weights of backbone and branch and the 
number of branch points per backbone are homoge- 
neous, but the distribution of branch points along the 
backbone is random. This model is appropriate for 
our samples if we may neglect the molecular weight 
distribution within each fraction. The calculated 
values of g, from eq 13 are listed in Table 11, where it 
is to  be noted that n o  practical difference is found be- 
tween (gr)eomb calculated from eq 13 and (gJatsr calculated 
from eq 12. That is, the present samples may practi- 
cally be assumed to  be star-shaped polymers. It can 
also be seen that eq 13 becomes identical with eq 12 
when y is very large. 

(14) B. H. Zirnrn and W. H. Stockmayer, J .  Chem. P h ~ s . ,  17, 

(15)  G.C. Bcrry, J.Pol j ,n i .  Sci.,PurrA-2, 6 ,  1 5 5 1  (1968). 
1301 (1949). 
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Calculated values of (gi)comb are plotted in Figure 7A 
for comparison with the experimental data. We see 
that the calculated values are almost independent of the 
branch length, as are the experimental values, and show 
qualitatively the same decreasing tendency with in- 
creasing .f as the observed ones. Quantitatively, how- 
ever, the observed values are much larger than the 
calculated ones when the branch density is high. That 
is, even a t  the 0 temperature, the real comb-shaped 
polystyrene has a radius of gyration greater than that 
calculated by assuming the same Kuhn statistical seg- 
ment as for linear polystyrenes. The same result was 
reported by Berry,gb though the difference between 
(gs)calcd and (gs)ot,Ed for his samples was much smaller 
because of  low density of branching in  his samples. 

The difference between the observed and calculated 
values could be c.aused by the effect of branches on  the 
rotational freedom around the carbon-carbon chain of 
the backbone. ]For instance, the average molecular 
weight between two neighboring branch points for 
sample no. H-4' is about 4000, and hence the number 
of the Kuhn stati:stical segments between two neighbor- 
ing branch points is only 4 if we assume the same seg- 
ment size for comb-shaped as for linear polystyrenes. 
Moreover i t  is likely that the segments around the 
branching points are extended even at  the 8 temperature 
because of the high density of segments, the 8 tempera- 
ture being defined as  that temperature a t  which the 
overall intermolecular interaction disappears. In prac- 
tice, if we plot the ratio of the observed values of 
ga((gJobad) to  the calculated values ((gJcajod) against the 
reciprocal molecular weight between two neighboring 
branch points 1 / M s  in Figure 9, we see that the ratio 
increases linearly with respect t o  1/M, from unity a t  
l/M, = 0, irrespective of the branch length. If we 
assume that only the backbone is uniformly extended, 
we can estimate the ratio a of the length of a segment 
in the backbone to  that in linear polymers under 8 
conditions. The values of CY are listed in Table TI. 

The observed ,values of g,  are plotted against the 
branch density in Figure 7B. It is found that g, does 
not depend on  the branch length but does depend on 
the degree of branching as does g.. A theoretical 
equation for g,  for comb-shaped polymers has not yet 
been published. The "theoretical" values of gl, there- 
fore, a re  computed from the theoretical ratio gf for 
translational frictional coefficient by assuming* 

g, = gi3 (1 4) 
The gr for comb-shaped polymers was calculated by 
Kura ta  and Fuk:atsu16 and Berry, l 3  assuming non- 
draining coils. The equation of Berry is 

The features in the comparison between theory and 
experiment in Figure 7B are similar to  those in Figure 
7A for g,. 

Table I shows i.hat the 8 temperature for branched 

(16) M. Kurata and M .  Fukatsu ,  J .  Chew. Phj.s., 41, 2934 
( 19 64). 
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Figure 9. Relation between (g.) ) I  .,,f(g.)L,,c,, and l/Ms. 
Symbols are the same as in Figure 8. 

polymers may be different from that for linear polymers 
consisting of the same structural unit. The 8 tempera- 
ture of a polymer may be affected by introducing dif- 
ferent structural units such as branch points and end 
groups,l7 but in addition it could be affected by the 
steric effect of branches discussed above. However, 
the deviation of the 8 temperature for branched poly- 
styrenes from that for linear polystyrenes (35' in  
cyclohexane) is not great enough to establish a definite 
relation between the 8 temperature and branching. 

From Figure 8, it is clear that the experimental data 
support eq 5 rather than eq 6. Strictly speaking, the 
present samples are not star but comb, and g, for comb 
has not been calculated. There is, therefore, a possi- 
bility that if we would calculate g, for combs by the 
methods of Kirkwood and RisemanZa or Zimm,3 
we might find good agreement between theory and 
experiment; or that if we determined g, of true star- 
shaped polymers we might obtain agreement between 
the theory of Zimm and Kilb' and experiment, as  for 
one example presented by Berry.g" Our present specu- 
lation, however, is that those possibilities are not high; 
for i f  we assume eq 14 and calculate the value of gi3 
from eq 15, the calculated values are still far from the 
experimental results. 

There is yet another possibility that the present results 
might not contradict the theory of Zimm and Kilb. 
Since even at  the 8 temperature the present samples 
do  not have conformations predicted from Gaussian 
statistics assuming the same statistical length as for 
linear polymers, there is a possibility that the Flory 
constant for real branched polymers at the 8 temper- 
ature is different from that for the ideal Gaussian con- 
formation of branched polymers sob. Then, we 
may write 

Since the experimental results show that eq 5 is almost 
valid, it turns out that 

g? (@Ob '@pOl)(@b~'@pOb)ga"'2 

( @ O b  8@oJ(@b/@otJ  = 1 
Thus, if @b'@Ob = g,, the present results would not dis- 
agree with the theory of Zimm and Kilb. However, it 
seems too fortuitous that this relationship would be 
always valid, though it is worthwhile to  reconsider this 
problem when the expansion factor and limiting vis- 
cosity number of the samples are studied in good sol- 
vents. 

It is important and interesting to  see that the theories 
of Kirkwood and Riseman and Zimm, which were 
successfully applied to  linear polymers essentially in 
accord with the idea of Flory, apparently fail to  explain 
the hydrodynamic behavior of branched polymers. 

(17)  P. D. Decker, McrXronrol. Chenz., 125, 136 (1969). 


